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We calculate the zero-temperature differential conductance dI/dV of a voltage-biased one-
dimensional junction between a nontopological and a topological superconductor for arbitrary junc-
tion transparency using the scattering matrix formalism. We consider two representative models for
the topological superconductors: (i) spinful p-wave and (ii) s-wave with spin-orbit coupling and spin
splitting. We verify that in the tunneling limit (small junction transparencies) where only single
Andreev reflections contribute to the current, the conductance for voltages below the nontopolog-
ical superconductor gap ∆s is zero and there are two symmetric conductance peaks appearing at
eV = ±∆s with the quantized value (4 − pi)2e2/h due to resonant Andreev reflection from the
Majorana zero mode. However, when the junction transparency is not small, there is a finite con-
ductance for e|V | < ∆s arising from multiple Andreev reflections. The conductance at eV = ±∆s
in this case is no longer quantized. In general, the conductance is particle-hole asymmetric except
for sufficiently small transparencies. We further show that, for certain values of parameters, the
tunneling conductance from a zero-energy conventional Andreev bound state can be made to mimic
the conductance from a true Majorana mode.
Topological superconductors (TSs), which host local-
ized Majorana zero modes (MZMs) at their boundaries
or in defects, have drawn a considerable amount of inter-
est as the most promising platform for topological quan-
tum computation [1–7]. One straightforward experimen-
tal signature of the MZM is the zero-bias conductance
peak [8–15] (robustly quantized at a value 2e2/h) of a
normal metal-superconductor (NS) junction. This quan-
tized conductance arises from perfect Andreev reflection
facilitated by the MZM at the edge of the TS [11–15].
A recent group of proposals for realizing TS in realis-
tic solid state systems [10, 16–19] led quickly to several
suggestive experimental observations of zero-bias conduc-
tance peaks [20–27]. While such features have been care-
fully shown to correspond to the topological regime, the
observed zero-bias conductance is still far below the ex-
pected quantized value. This deviation can be attributed
at least in part to thermal broadening in the normal
metal lead which in turn broadens the zero-bias peak
and reduces its maximum conductance value.
Since the effect of thermal broadening in a supercon-
ductor is exponentially suppressed by the superconduct-
ing gap ∆s, Peng et al. [28] have proposed to use a
conventional superconducting lead as the “probe” in an
MZM tunneling experiment. They found that, in the tun-
neling limit (or small junction transparency), the MZM
manifests as two symmetric conductance peaks quantized
at GM = (4 − pi)2e2/h appearing at the threshold volt-
ages eV = ±∆s, i.e., when the BCS singularity of the
probe lead aligns with the MZM. The result was derived
using the nonequilibrium Green’s function approach in
the perturbative limit where contributions to the current
come only from direct tunneling and single Andreev re-
flections.
In this Rapid Communication, we address the issue of
whether this quantization is robust beyond the pertur-
bative limit. To this end, we use a scattering matrix
approach which easily incorporates multiple Andreev re-
flection (MAR) processes [29–32]. In the limit of small
transparencies, where the dominant contribution to the
current comes only from single Andreev reflections, our
results agree with those of Refs. [28, 33]. However, when
MAR gives a finite contribution to the current, we find
that the MZM conductance quantization breaks down.
Moreover, we also show that the conductance peak of a
zero-energy Andreev bound state (ABS) may look simi-
lar to that of an MZM, such that (within realistic exper-
imental resolution) the MZM and zero-energy ABS con-
ductances may not be distinguishable from each other.
We begin by modeling a one-dimensional
superconductor-normal metal-superconductor (SNS)
junction where one of the superconductors is non-
topological (i.e., conventional s-wave) and the other is
topological, with a delta-function barrier of strength
Z separating them [Fig. 1(a)]. We calculate the con-
ductance (G = dI/dV ) for the SNS junction using the
scattering matrix formalism as detailed in Ref. [32],
in complement to the Green’s function approach com-
monly employed in the literature to study the TS
junctions [28, 33–35]. In this formalism, the scattering
processes are partitioned into scattering processes at
the left NS interface, tunnel barrier and right NS
interface. We have generalized the formalism to a
general superconductor-superconductor junction where
one needs to calculate only the scattering matrices
at the left and right NS interfaces [15, 36]. These
scattering matrices can be computed easily using the
numerical transport package Kwant [32, 37]. The
junction transparency in this model is modified by
tuning the delta function barrier strength Z. Since
ar
X
iv
:1
60
9.
09
08
6v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
6 J
an
 20
17
2there are also effective barriers arising from the sharp
variation of model parameters across the junction, e.g.,
Fermi level mismatch, spin-orbit coupling, etc., we use
a parameter-independent measure, GN , to characterize
the junction transparency, where GN is the conductance
of the SNS junction at high voltages which is the
conductance of the corresponding NN junction. We note
that since the power dissipated IV by an SNS junction
is always non-negative, it follows that the current for
an SNS junction is always non-negative for positive bias
voltage [32].
In this Rapid Communication, we examine two mod-
els for the topological superconductor: (i) a spinful p-
wave superconductor (pSC), and (ii) a spin-orbit-coupled
superconducting wire (SOCSW). First, let us consider
the junction between an s-wave superconductor (sSC)
and a spinful pSC, shown schematically in Fig. 1(a).
The Hamiltonian of the system can be written in the
Bogoliubov-de Gennes (BdG) form
Hj(x) =
1
2
∫
dxΨ†j(x)HjΨj(x), (1)
where Ψj(x) =
(
ψj↑(x), ψj↓(x), ψ
†
j↓(x),−ψ†j↓(x)
)T
are
Nambu spinors with ψ†jσ(x) and ψjσ(x) being the cre-
ation and annihilation operators for an electron of spin σ
in region j = s (sSC) and p (pSC). The BdG Hamiltonian
for each region is given by
Hs =
(
−~
2∂2x
2m
− µs
)
τz + ∆sτx, (2a)
Hp =
(
−~
2∂2x
2m
− µp
)
τz + VZσz − i∆p∂xτxσx, (2b)
where m is the electron effective mass, µs (µp) is the
chemical potential of sSC (pSC), VZ is a Zeeman split-
ting, ∆s (∆p) is the sSC (pSC) pairing potential, and
τx,y,z (σx,y,z) are Pauli matrices acting in the particle-
hole (spin) subspace. The effective chemical potential of
each spin channel in the pSC (µp±VZ) is the key param-
eter determining whether that channel is topological or
not. If the chemical potential of the channel is positive
then the channel is topologically nontrivial, otherwise it
is topologically trivial [38, 39]. In particular, we are in-
terested in the regime where |VZ | > µp, in which one
of the channels is topologically trivial and the other is
topologically nontrivial, leaving a single unpaired MZM
at the end.
Figures 1(b) and 1(c) show the zero-temperature dif-
ferential conductances G plotted against the bias voltage
V for the junction in Fig. 1(a) in the limit of (b) large and
(c) small Zeeman field. In the limit of large Zeeman field
[(|VZ | − µp) ∼ µp], the spinful pSC becomes effectively
a spinless pSC [38, 39]. Owing to the difference in the
spin dependence of Andreev reflection for the sSC and
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.5
1.0
1.5
2.0
GN  = 0.87
GN  = 0.487
GN  = 0.273
GN  = 0.05
GN  = 0.006
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
1.0
2.0
3.0
4.0 GN  = 1.45
GN  = 0.738
GN  = 0.377
GN  = 0.064
GN  = 0.007
(b)
(a)
(c)
C
on
d
u
ct
an
ce
, 
G
/G
0
C
on
d
u
ct
an
ce
, 
G
/G
0
Voltage, eV/∆s
Voltage, eV/∆s
FIG. 1. (color online) (a) Schematic diagram for an sSC-pSC
junction with a delta barrier in the middle. (b),(c) Normal-
ized differential conductance G/G0 vs bias voltage V for an
sSC-pSC junction with different Zeeman fields: (b) VZ = 40
K (VZ = 2µp) and (c) VZ = 22 K (VZ = 1.1µp). We present
the results for several junction transparencies GN where GN
is the differential conductance at high voltages which is the
conductance of the corresponding NN junction. All conduc-
tances are expressed in units of G0 = e
2/h. The red dashed
line [GM = (4− pi)2e2/h] is the conductance value of tunnel-
ing into the MZM. In the tunneling limit, the conductance
displays a step jump from G = 0 to G = GM at the threshold
voltage eV = ∆s. In all plots, we used the following param-
eters: m = 0.015me, µs = 200 K, µp = 20 K, ∆s = 2.5 K,
and ∆p = 0.039 eV·A˚. The topological gaps of the pSC are
(b) ∆topo = 4 K and (c) ∆topo = 2 K, 3.4 K.
spinless pSC, MAR is totally suppressed and only sin-
gle Andreev reflections are allowed for this type of junc-
tion [33]. Correspondingly, the current at low voltages is
zero until the bias voltage reaches ∆s where the incom-
ing quasiparticle acquires enough energy to undergo a
single Andreev reflection from the MZM. This manifests
as a step jump in the conductance to a quantized value
GM = (4− pi)2e2/h. This quantization is robust against
the junction transparency, as shown in Fig. 1(b). Away
from the threshold voltages eV = ±∆s, the conductance
decreases with decreasing junction transparency and can
3become negative for sufficiently low transparencies. At
high voltage, the conductance shows another jump to a
value approaching the Landauer conductance value GN
at eV = ∆s + ∆topo, where ∆topo is the gap in the pSC.
This marks the transition between subgap and above-
gap conductance. Our result for the spinful pSC in the
large Zeeman limit is similar to the conductance of the
spinless pSC in Ref. [33] which is calculated using the
Green’s function formalism. In the opposite limit of small
Zeeman field [(|VZ | − µp)  µp], shown in Fig. 1(c),
G(e|V | = ∆s) is no longer quantized for intermediate
and large transparencies, and the conductance develops
“subharmonic gap structure” (SGS) [29–31] at specific
values of voltages corresponding to the gaps in the sSC
and pSC. Near zero voltage, the conductance is strongly
suppressed because sSC allows only spin-singlet Andreev
reflections, while the MZM favors spin-triplet Andreev
reflections [40, 41]. However, away from the zero volt-
age MAR processes are not totally suppressed by spin-
selectivity and do contribute to the SGS. Only in the
tunneling limit, where the current arises only from sin-
gle Andreev reflections, do we obtain G(±∆s) = GM .
Finally, although not shown, we note that the conduc-
tance is in general asymmetric in V except for sufficiently
small transparencies when MAR are totally suppressed.
The particle-hole asymmetry of the conductance was re-
cently observed in the scanning tunneling microscopy ex-
periment of a one dimensional p-wave superconducting
chain [42].
Next, we move on to a more physically realistic model
for the topological superconductor: the SOCSW. This
model can be realized by proximitizing a spin-orbit-
coupled semiconductor nanowire with an sSC, in the
presence of a spin-splitting magnetic field [10, 17–19].
The BdG Hamiltonian for the SOCSW is
HSOCSW =
(
−~
2∂2x
2m
− µ0
)
τz − iα∂xτzσy + VZσx + ∆0τx,
(3)
where µ0 is the chemical potential, α is the spin-orbit
coupling strength, VZ is the Zeeman field, and ∆0 is the
proximity-induced s-wave pairing potential.
We calculate the conductance of an sSC-SOCSW junc-
tion, shown schematically in Fig. 2(a), where the SOCSW
is in the topological regime (i.e., VZ >
√
µ20 + ∆
2
0 [10, 17,
18, 43]). Similar to the pSC case, in the absence of MAR,
there is a step jump in the conductance from G = 0 to
G = GM as shown in Fig. 2(b). This case, however, is
not generic except in the tunneling limit. In general, for
intermediate or large transparencies, MAR is present. As
a result, the conductance G(±∆s) is not quantized, and
there is SGS in the conductance profile [see Fig. 2(c)].
As for the pSC case, the conductance near zero volt-
age is strongly suppressed due to the difference between
the Andreev-reflection spin selectivity of the MZM and
sSC. We note also that the same conclusion holds when
the sSC is replaced by an SOCSW in the nontopological
regime (i.e., VZ <
√
µ20 + ∆
2
0).
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FIG. 2. (color online) (a) Schematic diagram for an sSC-
SOCSW junction with a delta barrier in the middle. (b),(c)
Normalized differential conductance G/G0 vs bias voltage V
for an sSC-SOCSW junction with different Zeeman fields: (b)
VZ = 15 K and (c) VZ = 1.65 K. We show the results for sev-
eral transparencies GN where GN is the differential conduc-
tance at high voltages which is the conductance of the cor-
responding NN junction. All conductances are expressed in
units of G0 = e
2/h. The red dashed line [GM = (4−pi)2e2/h]
is the conductance value of tunneling into the MZM. In the
tunneling limit, the conductance displays a step jump from
G = 0 to G = GM at the threshold voltage eV = ∆s. In all
plots, we used the following parameters: m = 0.015me, µ0 =
0 K, ∆0 = 1.5 K, µs = 200 K, α = 0.025 eV A˚, and ∆s = 0.1
K. The topological gaps of the SOCSW are (b) ∆topo = 0.13
K and (c) ∆topo = 0.15 K.
Finally, it is of interest to compare the conductance
due to a single Andreev reflection from an MZM with
that from a zero-energy but otherwise conventional ABS
(e.g., a zero-energy Shiba state, or “accidentally” un-
paired Majorana doublet). In the following, we focus
on the zero-energy ABS coming from an unpaired Majo-
rana doublet which can arise in a superconductor having
a finite topological region and semi-infinite nontopolog-
ical region as shown in Fig. 3(a). One scenario where
4a nontopological zero-energy mode is naturally created
near the end of an SOCSW is when the chemical po-
tential (µ0) of the wire in a high-density nontopologi-
cal regime (i.e., µ0 >
√
V 2Z −∆20) is depleted towards
the end. If the potential is sufficiently smooth, then
the chemical potential in going from the nontopologi-
cal positive value, µ0 >
√
V 2Z −∆20, to negative val-
ues µ0 < −
√
V 2Z −∆20 necessarily crosses the range of
chemical potentials |µ0| <
√
V 2Z −∆20 where the SOCSW
would be topological. The resulting domain walls be-
tween the topological segments and the nontopological
SOCSW in the bulk can lead to a pair of zero-energy
modes; one of which is closer to one of the leads [44]. For
simplicity, we consider a step jump of the chemical poten-
tial in going from the topological (|µtopo| <
√
V 2Z −∆20)
to the nontopological regions (|µnontopo| >
√
V 2Z −∆20)
with other parameters being the same. In this model, the
ABS energy oscillates with chemical potential and Zee-
man field, such that the zero-energy ABS occurs at spe-
cific values of parameters [45]. We calculate the SNS con-
ductance profile associated with this zero-energy ABS.
As shown in Fig. 3(b), in the tunneling limit the ABS
conductance has a smooth onset rise at eV = ∆s which
develops into a non-quantized peak and then decreases.
However, for certain parameter values [see blue curve in
Fig. 3(b)], the SNS conductance for the ABS may look
similar to that of an MZM, i.e., it has a steep rise to the
quantized value G = GM at eV = ∆s. Within experi-
mental resolution, this zero-energy ABS peak may not be
distinguishable from that of an MZM, making it difficult
to use the SNS conductance quantization as an unam-
biguous signature for the MZM. The corresponding NS
tunneling conductance peak for this particular ABS is
∼ 1.6e2/h, which is significantly less than the quantized
value of 2e2/h for the MZM.
In conclusion, we have shown that in the presence of
MAR, which is generic when the junction transparency
is not small, the SNS conductance for a nontopological-
topological superconductor junction is not quantized at
the threshold voltages e|V | = ∆s, i.e., when the super-
conducting gap singularity lines up with the MZM. We
have also shown that for some parameter values, the con-
ductance of zero-energy ABS may look very similar to
that of Majorana, such that the two cases may not be
distinguishable within experimental resolution. This im-
plies that, despite other benefits of using SNS junctions
to probe MZMs, conductance quantization may not be a
robust and definitive experimental signature.
Our theory actually has three important aspects which
should be emphasized: (1) We provide a general theory
within the scattering matrix formalism for transport in
SNS junctions where one or both of the superconductors
could be topological without making any approximation
for weak tunneling and/or the number of Andreev bound
states in the system. Our formalism can be used for any
sSC topo non-topo SOCSW
(a)
(b)
0.0 0.5 1.0 2.0 2.5 3.01.5
Voltage, eV/∆s
0.0
0.5
1.0
1.5
2.0
C
o
n
d
u
ct
a
n
ce
, 
G
/
G
0
1.00 1.01 1.02 1.03 1.04 1.05
eV/∆s
0.0
0.5
1.0
1.5
2.0
G
/G
0
FIG. 3. (color online) (a) Schematic diagram for an sSC-
SOCSW junction with a pair of zero-energy ABS (one at each
end of the topological region). The topological and nontopo-
logical regions have chemical potentials |µtopo| <
√
V 2Z −∆20
and |µnontopo| >
√
V 2Z −∆20, respectively. The zero-energy
ABS occurs at a specific value of µtopo. (b) Normalized tun-
neling differential conductance G/G0 vs bias voltage V for
the junction in (a) for different parameters: (i) blue curve:
µtopo = 1.697 K, µnontopo = 211.18 K, VZ = 15 K, ∆0 = 10
K, and α = 0.025 eV·A˚; (ii) magenta curve: µtopo = 0.9524
K, µnontopo = 53.873 K, VZ = 4 K, ∆0 = 1 K and α = 0.25
eV·A˚. In all plots, we use m = 0.015me, µs = 200 K, ∆s = 0.1
K, and length of the topological region, Ltopo = 0.6 µm. All
conductances are expressed in units of G0 = e
2/h. For cer-
tain values of parameter (blue curve), the zero-energy ABS
tunneling conductance may look like the Majorana conduc-
tance, i.e., it has a steep rise to the quantized value GM (red
dashed line) near eV = ∆s. Inset: The zoom-in version of
the conductance plot near the threshold voltage eV = ∆s.
kind of SNS junctions requiring only NS scattering ma-
trices which can be easily computed using Kwant [37].
Our formalism thus complements the Green’s function
method which is used to treat the topological supercon-
ductor junctions [28, 33–35]; (2) our theory shows that
the conductance in such topological junctions could be
quite complex depending on the system parameters and
any signature for Majorana zero modes are inherently
subtle requiring a careful interpretation of the conduc-
tance using our theory; and (3) a necessary corollary of
the last item is that the conductance quantization found
earlier in the weak-tunneling limit of topological super-
conductor junctions [28] is unlikely to be present in the
generic experimental situation where the constraints of
weak tunneling and/or number of Andreev bound states
cannot be a priori guaranteed. Our theory should serve
as the benchmark for future SNS conductance experi-
ments and simulations where at least one of the super-
conductors is a topological superconductor. It must also
be emphasized that our work is completely general and
5applies to simple model systems of ideal spinless p-wave
superconductors or spin-orbit-coupled nanowires in the
presence of superconducting proximity effect and finite
magnetic fields.
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6I. SCATTERING MATRIX FORMALISM
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Supplementary Figure S1. Schematic diagram of a superconductor-normal metal-superconductor junction.
We consider a superconductor-normal metal-superconductor junction with a delta function tunnel barrier of strength
Z as depicted in Fig. S1. We assume that the normal region is infinitesimally short with a large chemical potential so
that propagating modes in this region have constant group velocity. A quasiparticle can be injected either from the
left or right superconductor. The incident quasiparticle from the left superconductor is transmitted as an electron
or hole in the left normal region. In a voltage-biased junction, an electron (hole) gains (loses) an energy of eV as it
goes from the left to the right NS interface while at the NS interfaces, an electron or hole undergoes either normal or
Andreev reflection. As a result, an electron coming from the left normal region at energy E is Andreev reflected back
into the same region as a hole with an energy E + 2eV . These reflections happen repeatedly inside the normal region
until the electron gains sufficient energy to transmit into one of the unoccupied bands in the superconducting leads.
These repeated reflections are referred to as multiple Andreev reflections (MAR) [29–31]. The scattering processes
for this junction can be separated into three parts: at the left NS interface (SL), at the tunnel barrier (SN ) and at
the right NS interface (SR). More formally, it can be written as( J outL,ν (En)
J +NL,ν(En)
)
= SL(En)
(J inL,ν(En)δn0δν,→
J−NL,ν(En)
)
, (S-1a)(J−NL,ν(En)
J +NR,ν(En)
)
=
∑
n′
SN (En, En′)
(J +NL,ν(En′)
J−NR,ν(En′)
)
, (S-1b)( J outR,ν (En)
J−NR,ν(En)
)
= SR(En)
(J inR,ν(En)δn0δν,←
J +NR,ν(En)
)
, (S-1c)
where En = E + neV with n being an integer, J ρ`,ν = (je,↑,ρ`,ν , je,↓,ρ`,ν , jh,↑,ρ`,ν , jh,↓,ρ`,ν )T is the current amplitude vector for
region ` = L (left superconductor), NL (normal region to the left of the tunnel barrier), NR (normal region to the
right of the tunnel barrier) and R (right superconductor) with ρ = +/− and ρ = in/out being the indices for the
right/left-moving and incoming/outgoing modes, respectively. The index ν = denotes whether the injected current
is from the left or right superconductor. The scattering matrix SN (En, E
′
n) takes into account the fact that the energy
of an electron (hole) increases (decreases) by eV every time it passes from left to right and also the normal reflection
by the delta function tunnel barrier. It can be decomposed into the electron (SeN ) and hole (S
h
N ) part:
SN (En, En′) = S
e
N (En, En′)⊗ σ0 ⊗ τ+ + ShN (En, En′)⊗ σ0 ⊗ τ−, (S-2)
where σ0 is the identity in spin subspace, τ± = τx ± iτy are the Pauli matrices in particle-hole subspace,
SeN (En, En′) =
(
rδn,n′ tδn,n′+1
tδn,n′−1 rδn,n′
)
,
ShN (En, En′) =
(
r∗δn,n′ t∗δn,n′−1
t∗δn,n′+1 r∗δn,n′
)
, (S-3)
with the reflection coefficient r = −iZ/(1 + iZ) and transmission coefficient t = 1/(1 + iZ) being dependent on the
strength of the delta barrier Z.
By solving Eq. (S-1) for the current amplitudes J±NL with incident quasiparticle from the left and right supercon-
ductor (ν =), we can obtain the zero-temperature dc-current I(V ) = I→(V ) + I←(V ) from
Iν(V ) =
2e
h
∫ 0
−∞
dETr
(∑
n
ρzτzJNL,ν(En)J
†
NL,ν(En)
)
, (S-4)
7where JNL,ν = (j
e,↑,+
NL,ν , j
e,↓,+
NL,ν , j
h,↑,+
NL,ν , j
h,↓,+
NL,ν , j
e,↑,−
NL,ν , j
e,↓,−
NL,ν , j
h,↑,−
NL,ν , j
h,↓,−
NL,ν )
T is the current amplitude vector in the normal
region to the left of the barrier. The differential conductance (G = dI/dV ) is calculated by simply differentiating the
current I with respect to the voltage V .
II. REMARKS ON NUMERICAL SIMULATION
We obtained the scattering matrices at the left (SL) and right NS interfaces (SR) [Eq. (S-1)] from Kwant [37] by
setting up the tight-binding models for the corresponding NS junctions. Since Kwant chooses arbitrary phases for
the propagating modes at each energy, we fixed the phases of the propagating modes by setting the largest element
of propagating modes for every energy to be real.
We note that Eqs. (S-1)(a) and (c) are invariant under the transformation
tinL,R(E)→ tinL,R(E)U†L,R(E),
J inL,R(E)→ UL,R(E)J inL,R(E), (S-5)
where tinL,R(E) is the transmission matrices at the left and right NS interfaces, J inL,R(E) are the input current amplitudes
from the left and right NS interfaces, and UL,R(E) are unitary matrices. By polar decomposition, there exists a unitary
matrix UL,R(E) such that t
in
L,R(E) = t˜
in
L,R(E)U
†
L,R(E), where
t˜inL,R(E) =
√
tinL,R(E)[t
in
L,R(E)]
† =
√
1− rL,R(E)r†L,R(E), (S-6)
where rL,R are the reflection matrices at the left and right NS interfaces. To speed up the computation, we obtained
only the reflection matrices rL,R from Kwant and used Eq. (S-6) to calculate the transmission matrix.
Numerically, we introduced an energy cutoff Ec in the summation over energy in Eq. (S-4) where Ec is chosen
so that the calculation converges for each value of V . To ensure that the scattering matrix remains unitary after
introducing the energy cutoff, we impose the following constraint on the scattering matrix:
SeN (E,E + eV ) = S
h
N (−E,−(E + eV )) = −1, (S-7)
for all E > Ec.
III. PROOF FOR THE NON-NEGATIVITY OF THE CURRENT
The current amplitude in the normal region is given by
j˜tot`,ν (E) = j˜
e
`,ν(E) + j˜
h
`,ν(E), (S-8)
where
j˜τ`,ν(E) =
∑
σ=↑,↓
jτ,σ,+`,ν (E)− jτ,σ,−`,ν (E), (S-9)
is the electron/hole (τ = e/h) component of the current in the left (` = NL) or right (` = NR) normal region. Since
the electron (hole) energy increases (decreases) by eV every time it passes from the left to the right, we have
j˜eNL,ν(E) = j˜
e
NR,ν(E + eV ), (S-10a)
j˜hNL,ν(E) = j˜
h
NR,ν(E − eV ). (S-10b)
From Eqs. (S-8) and (S-10), we obtain the following recurrence relation
j˜eNL,ν(E) = j˜
tot
NL,ν(E)− j˜totNR,ν(E − eV ) + j˜eNL,ν(E − 2eV ), (S-11)
which implies that
j˜eNL,ν(E) =
∞∑
n=0
j˜totNL,ν(E − 2neV )− j˜totNR,ν(E − (2n+ 1)eV ). (S-12)
8The total electrical current is given by
Iν =
2e
h
∫
dE
∑
m
[
j˜eNL,ν(E + 2meV )− j˜hNL,ν(E + 2meV )
]
. (S-13)
Multiplying the integrand of Eq. (S-13) by V , we have the power dissipated by the SNS junction as
IνV =
2eV
h
∫
dE
∑
m
[
2j˜eNL,ν(E + 2meV )− j˜totNL,ν(E + 2meV )
]
,
=
2eV
h
∫
dE
∑
m
2∑
n≥0
[
j˜totNL,ν(E + 2(m− n)eV )− j˜totNR,ν(E + (2(m− n)− 1)eV )
]
− j˜totNL,ν(E + 2meV )
 ,
=
2eV
h
∫
dE
∑
m
2 ∑
m′≤m
[
j˜totNL,ν(E + 2m
′eV )− j˜totNR,ν(E + (2m′ − 1)eV )
]
− j˜totNL,ν(E + 2meV )
 ,
=
2eV
h
∫
dE
{
2
∑
m′
(mmax −m′ + 1)
[
j˜totNL,ν(E + 2m
′eV )− j˜totNR,ν(E + (2m′ − 1)eV )
]
−
∑
m
j˜totNL,ν(E + 2meV )
}
,
=
2eV
h
∫
dE
∑
m
[
(2m− 1)j˜totNR,ν(E + (2m− 1)eV )− 2mj˜totNL,ν(E + 2meV )
]
≥ 0. (S-14)
So, for V ≥ 0, we have Iν ≥ 0. In lines 1 and 2, we have made use of Eqs. (S-8) and (S-12), respectively. In lines 4
and 5 of Eq. (S-14), we have used the current conservation equation:∑
m
[
j˜totNL,ν(E + 2meV )− j˜totNR,ν(E + (2m− 1)eV )
]
= 0, (S-15)
and the fact that ±(E + neV )j˜totNL/NR,ν(E + neV ) ≥ 0 is the power dissipated by current j˜totNL/NR,ν .
